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Strong correlation effects on electron transport through a spinless quantum dot are considered.
When two single-particle levels in the quantum dot are degenerate, a conserved pseudospin degree of
freedom appears for generic tunneling matrix elements between the quantum dot and leads. Local
fluctuations of the pseudospin in the quantum dot give rise to a pair of asymmetric conductance
peaks near the center of a Coulomb valley. An exact relation to the population switching is provided.
Introduction.— Electronic transport through a quan-
tum dot (QD) is a useful probe of the strong Coulomb
interaction effects in zero dimensional systems [1]. One
of well-known interaction effects is the Coulomb block-
ade [2], which allows the current to flow through the QD
only at special gate voltages and suppresses the current
at other gate voltages (Coulomb valleys). The interaction
also induces electronic correlations responsible for devi-
ations from the orthodox Coulomb blockade theory [2].
In Coulomb valleys, the current may be enhanced by the
spin fluctuations via the spin Kondo effect [3, 4], or by the
orbital fluctuations via the orbital Kondo effect [5, 6, 7].
Recently an intriguing experimental report [8] of the
anomalous transmission phase through a QD motivated
theoretical studies [9, 10, 11, 12] of the correlation ef-
fects in a spinless QD system with two single-particle
levels [Fig. 1(a)]. In particular, the study [12] using
the functional renormalization group method revealed
that when the two levels are degenerate, the conductance
through the QD is anomalously enhanced near the cen-
ter of a Coulomb valley and forms a pair of asymmetric
peaks. These peaks are termed as correlation-induced
resonances (CIRs). The nature of the correlation, how-
ever, remains unclear. The spin Kondo effect [3, 4] is
not applicable since the system is spinless. The orbital
Kondo effect in Refs. [5, 6, 7] is not applicable either since
it occurs only when the tunneling matrix elements be-
tween the QD and leads satisfy certain constraints [5, 6]
while the CIRs appear for generic tunneling matrix ele-
ments. A possibly related phenomenon is the so-called
population switching (PS) [9, 10, 11]; Near the center of
the Coulomb valley, the electron population of the QD
switches from one single-particle level to the other. The
relation between the CIRs and the PS also remains un-
clear however. In this Letter, (i) we show that the QD
system with two single-particle levels possesses a con-
served pseudospin degree of freedom when the two levels
are degenerate, (ii) provide an exact relation between the
CIRs and the PS, and (iii) demonstrate that local fluctu-
ations of the pseudospin in the QD are the origin of the
CIRs.
The spinless QD system may be realized in experi-
ments, for instance, when a QD with two orbital lev-
els, each with the two-fold spin degeneracy, is subjected
to a strong magnetic field. If the resulting Zeeman split-
ting is sufficiently larger than the energy difference of the
two orbital levels, the transport through the QD in the
Coulomb valley with only one electron in the QD can be
described by the following spinless Hamiltonian [10, 12],
H = Hdot +Hlead +HT , (1)
where Hdot ≡
∑2
j=1 ǫjd
†
jdj + U(n1 − 1/2)(n2 − 1/2),
Hlead ≡ −t
∑
l=L,R
∑∞
m=0(c
†
m,lcm+1,l + H.c.), HT ≡
−
∑
j,l(t
l
jc
†
0,ldj + H.c.). Here ǫj denotes the energy of
the single-particle state j in the QD. dj and cm,l are the
annihilation operators for the electron in the QD and
for the electron at the site m in the lead l, respectively.
nj ≡ d
†
jdj . Note that each lead contains only one chan-
nel [Fig. 1(a)]. This is motivated by the experimental
situation in Ref. [8], where narrow constrictions are in-
troduced between a QD and leads in order to force the
system into the single channel regime.
Pseudospin.— The pseudospin degree of freedom can
be revealed by the following unitary transformations from
cm,L(R), d1(2) to the new operators cm,↑(↓), d↑(↓),(
cm,↑
cm,↓
)
=Ulead
(
cm,L
cm,R
)
, Ulead =
(
η ζ∗
ζ −η∗
)
, (2)
(
d↑
d↓
)
= Udot
(
d1
d2
)
, Udot =
(
α β∗
β −α∗
)
, (3)
under which Hlead remains invariant for general α, β,
η, ζ with |α|2 + |β|2 = |η|2 + |ζ|2 = 1. When the two
dot levels are degenerate ǫ1 = ǫ2 = ǫ, Hdot transforms
to H
(1)
dot ≡
∑
σ=↑,↓ ǫd
†
σdσ + U(n↑ −
1
2 )(n↓ −
1
2 ), and thus
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FIG. 1: (Color online) (a) A quantum dot with two single-
particle levels ǫ1, ǫ2 coupled to two leads. When ǫ1 = ǫ2, the
system may be transformed to a new system shown in (b).
2Hdot also remains invariant. Finally HT transforms to
HT = −
(
c†0,↑ c
†
0,↓
)
Λ
(
d↑
d↓
)
+H.c., (4)
where Λ ≡ UleadTU
†
dot and T =
(
tL1 t
L
2
tR1 t
R
2
)
. We choose
Ulead and Udot in such a way that Λ becomes diag-
onal with diagonal elements λ↑ and λ↓, i.e., HT =
−(λ↑c
†
0,↑d↑ + λ↓c
†
0,↓d↓ + H.c.). Such a diagonalization
can be achieved for general T by choosing Ulead and
Udot to be the solutions of the eigenvalue equations
(TT †)U†lead = U
†
lead(Λ
†Λ) and (T †T )U†dot = U
†
dot(ΛΛ
†).
Without loss of generality, we may assume that both λ↑
and λ↓ are real and λ↑ ≥ λ↓ ≥ 0. Note that in the
transformed system, the electron tunneling between the
pseudospin ↑ states [upper half in Fig. 1(b)] and the pseu-
dospin ↓ states (lower half) is prohibited. This illustrates
the existence of the conserved pseudospin σ (↑ or ↓) for
general tlj ’s. This generalizes the earlier reports [6, 12]
of the conserved pseudospin for special tlj ’s, for which
λ↑ = λ↓ and the system possesses the SU(2) pseudospin
symmetry. In contrast, the symmetry is reduced to U(1)
when λ↑ 6= λ↓. Later in this Letter, it will be demon-
strated that the difference λ↑ 6= λ↑ is crucial for the CIRs.
On the other hand, when the degeneracy is lifted
ǫ1(2) = ǫ ± δ/2, the original Hamiltonian [Eq. (1)] trans-
forms to H
(1)
dot + H
(2)
dot + H
(3)
dot + Hlead + HT under the
transformations [Eqs. (2),(3)] that diagonalize Λ. Here
the two additional terms H
(2)
dot and H
(3)
dot are defined as
H
(2)
dot ≡ δ(|α|
2−|β|2)(n↑−n↓)/2, andH
(3)
dot ≡ δ(αβ
∗d†↑d↓+
βα∗d†↓d↑). Since (n↑ − n↓)/2 amounts to the QD pseu-
dospin along the pseudospin quantization axis, say z,
H
(2)
dot can be interpreted as the Zeeman coupling to the
parallel pseudo-magentic field Hδz = −δ(|α|
2−|β|2) along
the z-axis. H
(2)
dot preserves the pseudospin conservation.
On the other hand, H
(3)
dot can be interpreted as the Zee-
man coupling to the perpendicular pseudomagnetic field,
whose x-component is given by Hδx = −2δRe(αβ
∗) and
y-component by Hδy = 2δIm(αβ
∗). H
(3)
dot breaks the pseu-
dospin conservation along the z-axis.
CIRs vs. PS.— To examine transport properties for
the degenerate case, we first construct the ↑- and ↓-
scattering states in the transformed system [Fig. 1(b)],
ψ↑(x) = χ↑(e
+ikx + e2iθ↑e−ikx), ψ↓(x) = χ↓(e
+ikx +
e2iθ↓e−ikx), where χ↑ and χ↓ denote the spinors rep-
resenting the pseudospin ↑ and ↓ states, respectively,
and x ∝ −m(≤ 0). Note that the pseudospin flip be-
tween ↑ and ↓ states is prohibited in the scattering states
due to the pseudospin conservation. From the Friedel
sum rule [13], the scattering phases θ↑ = π〈n↑〉 and
θ↓ = π〈n↓〉, where 〈nσ〉 denotes the expectation value
of nσ ≡ d
†
σdσ with respect to the ground state. Next
we take proper coherent superpositions (see for instance
Ref. [14]) of ψ↑ and ψ↓ to evaluate the transmission prob-
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FIG. 2: (Color online) The relation between the conductance
G (red solid line) and the population difference 〈n↑〉 − 〈n↓〉
(blue dashed line) when the two dot levels are degenerate
ǫ1 = ǫ2 = ǫ. In all three panels, t
L
1 : t
R
1 : t
L
2 : t
R
2 =
√
0.27 :√
0.33 :
√
0.16 : −√0.24. The black horizontal dash-dotted
line represents Gmax ≈ 0.68(e2/h) predicted by Eq. (5). Here
Γ ≡ π[(|tL1 |2 + |tL2 |2)ρL + (|tR1 |2 + |tR2 |2)ρR], where ρl is the
local density of states at the end of the lead l. The curves for
G are from Fig. 2 in Ref. [12] while the curves for 〈n↑〉− 〈n↓〉
are obtained [15] from Eq. (5). (a) For a small U , where the
PS (sign change of 〈n↑〉− 〈n↓〉 at ǫ = 0) is a weak feature and
|〈n↑〉 − 〈n↓〉| remains below the critical value 1/2, only two
conductance peaks appear with the peak centers located at
the positions where |〈n↑〉−〈n↓〉| is maximized. (b) For a large
U , where the PS becomes manifest and |〈n↑〉− 〈n↓〉| becomes
larger than the critical value 1/2 in certain ranges of ǫ, four
conductance peaks appear with the peak centers located at
the positions where |〈n↑〉−〈n↓〉| = 1/2; the two peaks close to
ǫ = 0 are the CIRs while the other two peaks are the Coulomb
blockade peaks. (c) For a still larger U , where the PS becomes
stronger, the distinction between the CIRs and the Coulomb
blockade peaks becomes more evident. Note that G is related
to the population difference of the transformed dot states,
〈n↑〉−〈n↓〉, instead of the population difference of the original
dot states, 〈n1〉 − 〈n2〉.
ability in the original system [Fig. 1(a)]. Then from the
Landauer-Bu¨ttiker formula, one obtains the zero temper-
ature conductance G,
G = Gmax sin
2 [π (〈n↑〉 − 〈n↓〉)] , (5)
where Gmax/(e
2/h) = 4|tL1 t
R
1
∗
+ tL2 t
R
2
∗
|2/[(|tL1 |
2 + |tL2 |
2 −
|tR1 |
2−|tR2 |
2)2+4|tL1 t
R
1
∗
+tL2 t
R
2
∗
|2]. As illustrated in Fig. 2,
Eq. (5) provides a relation between the CIRs and the PS.
It is illustrative to compare Eq. (5) with the corre-
sponding expression for the conventional spin Kondo ef-
fect in a QD [3], where spin-up and spin-down scat-
tering states generates two incoherent contributions
[sin2(π〈n↑〉) vs. sin
2(π〈n↓〉)] to the conductance. Thus
in the absence of a magnetic field, where 〈n↑〉 =
〈n↓〉, G is proportional to sin
2(π〈n↑〉) + sin
2(π〈n↓〉) =
2 sin2[π(〈n↑〉 + 〈n↓〉)/2]. In our system, in contrast, the
two pseudospin scattering states ψ↑, ψ↓ should be co-
herently superposed to construct scattering states in the
original system, which are then used to evaluate G. This
coherent summation procedure takes into account the in-
terference between the two transport paths in Fig. 1(a),
3one mediated by ǫ1 and the other by ǫ2. This explains
the difference between the two expressions for G.
Pseudospin fluctuations.— To examine fluctuations of
the QD pseudospin Sz ≡ (n↑ − n↓)/2, it is useful to
map the Hamiltonian H into a s-d model by using the
Schrieffer-Wolff transformation [16]. In the large U limit
and near the center of the Coulomb valley, one finds [17],
Hs−d = Hex +Hlead +HB , (6)
where Hex =
∑
kk′ [J
+S+c†k↓ck′↑ + J
−S−c†k↑ck′↓ +
JzSz(c
†
k↑ck′↑ − c
†
k↓ck′↓)], HB = −SzB
eff
z , and B
eff
z =
Bz−
∑
kk′ J
z,2
kk′ (c
†
k↑ck′↑+ c
†
k↓ck′↓). Here ckσ is the annihi-
lation operator of the eigenstate with energy εk in Hlead.
The degeneracy of the dot states is still assumed. Various
coefficients are defined as follows; J+ = J− = 4V↑V↓/U ,
Jz = 2(V 2↑ +V
2
↓ )/U , Bz = (V
2
↑ −V
2
↓ )
∑
k(U/2−ǫ+εk)
−1,
and Jz,2kk′ = (V
2
↑ − V
2
↓ )[(U/2 + ǫ − εk′)
−1 + (U/2 − ǫ +
εk)
−1]/2, where Vσ ≥ 0 (V↑/V↓ = λ↑/λ↓) denotes the
matrix element for the tunneling from the dot state dσ to
the lead state ckσ. Note that Hex becomes an anisotropic
antiferromagnetic (Jz > J+ > 0) exchange interaction
since V↑ 6= V↓ in general. A crucial difference from the
conventional Kondo effects [16] arises from the pseudo-
magnetic field Beffz , whose expectation value Hz with re-
spect to the Fermi sea in the leads becomes [18]
Hz ≡ 〈B
eff
z 〉 =
Γ↑ − Γ↓
π
ln
U/2 + ǫ
U/2− ǫ
, (7)
where Γσ ≡ πρ0V
2
σ and ρ0 is the density of states in the
leads. Note that Hz does depend on ǫ and changes its
sign at ǫ = 0, implying the sign change of 〈Sz〉 = (〈n↑〉−
〈n↓〉)/2 at ǫ = 0. This provides a simple explanation
of the PS [9, 10, 11]. By the way, for the special tlj ’s
discussed in Refs. [6, 12], where the conserved pseudospin
exists but λ↑ = λ↓, Hz vanishes since Γ↑ = Γ↓.
Next we perform the two-stage poor man’s scaling [16],
the first stage with the original Hamiltonian H and the
second stage with Hs−d up to the second order in J
z and
J±. One finds that the Sz fluctuations are characterized
by the Kondo temperature TK [19],
TK ∼ U exp
(
−
1
4ρ0J0
ln
Jz + J0
Jz − J0
)
, (8)
where J0 ≡
√
(Jz)2 − (J+)2. Equation (8) may be ex-
pressed as TK ∼ U exp[−πU ln(Γ↑/Γ↓)/8(Γ↑ − Γ↓)]. In-
terestingly Beffz at each step of the scaling shares the same
expectation value Hz [Eq. (7)].
For further study, we approximate Hs−d by replac-
ing Beffz with Hz. Properties of the resulting Hamilto-
nian are well known via the Bethe ansatz method [20].
Figure 3(a) shows the Hz-dependence of 〈Sz〉 pre-
dicted by the exact solution [20], and Fig. 3(b) shows
the resulting ǫ-dependence of G/Gmax obtained from
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FIG. 3: (a) 〈Sz〉 = (〈n↑〉−〈n↓〉)/2 as a function ofHz/TK pre-
dicted by the exact solution of the anisotropic s-d model [20].
〈Sz〉 for negative Hz can be obtained by using 〈Sz〉 being an
odd function of Hz. (b) G/Gmax vs. ǫ/TK [19] obtained by
Eqs. (5), (7), and the 〈Sz〉 vs. Hz relation in (a). In these
plots, tL1 : t
R
1 : t
L
2 : t
R
2 =
√
0.27 :
√
0.33 :
√
0.16 : −√0.24
(λ↑/λ↓ ≈ 1.29), and U/(Γ↑ + Γ↓) = 7 are used. G/Gmax for
negative ǫ can be obtained by using G being an even func-
tion of ǫ. In the inset, the logarithmic scale is used for the
horizontal axis.
Eq. (5). For |Hz| <∼ TK , 〈Sz〉 is approximately given
by Hz/(2πTK) [20]. Within this linear approximation,
the CIR peak positions ǫCIR are given by
ǫCIR ≈ ±
U
2
tanh
(
π2
2
TK
Γ↑ − Γ↓
)
. (9)
For Hz ≫ TK , 1/2 − 〈Sz〉 is propor-
tional to (TK/Hz)
2µ/pi [20], where µ ≡
cos−1[cos(2πρ0J
z)/ cos(2πρ0J
+)] ≈ 2πρ0J0 in the
weak tunneling regime ρ0J
z , ρ0J
+ ≪ 1. Due to the
small exponent 2µ/π ≈ 4ρ0J0 ≪ 1, 〈Sz〉 approaches
its saturated value 1/2 very slowly. Combined with
Eqs. (5) and (9), this explains the origin of the strongly
asymmetric peak shape of the CIRs [12].
Discussion.— First we address the case of the non-
degenerate dot levels ǫ1(2) = ǫ ± δ/2. For small δ, the
two perturbations H
(2)
dot, H
(3)
dot due to the nondegeneracy
may be treated separately. Effects of H
(2)
dot are rather
trivial; After the Schrieffer-Wolff transformation, H
(2)
dot
becomes −SzH
δ
z , which renormalizes Hz in Eq. (7) and
induces a shift of the CIR peaks to the new positions
ǫCIR ≈ ±(U/2) tanh[π
2(TK ∓ 2H
δ
z/π)/2(Γ↑ − Γ↓)]. H
(2)
dot
does not alter the peak heights. Effects of H
(3)
dot are
rather complicated since it breaks the pseudospin conser-
vation. Equation (5) based on the pseudospin conserva-
tion is not applicable and we derive below a more general
conductance formula. The time-reversal symmetry is as-
sumed for simplicity. Electrons in the transformed lead
[Fig. 1(b)] can be described by the following scattering
matrix,
(
r↑↑ τ↑↓
τ↓↑ r↓↓
)
= e2iθtot
(
e2iθ cosφ i sinφ
i sinφ e−2iθ cosφ
)
, (10)
4where θtot = π(〈n↑〉 + 〈n↓〉)/2 = π/2 in the Coulomb
valley due to the Friedel sum rule [13]. After a similar
algebra as in the derivation of Eq. (5), one obtains
G = Gmax| sin 2θ cosφ− cot 2ν sinφ|
2, (11)
where ν is independent of ǫ with cot2 2ν = (|tL1 |
2+ |tL2 |
2−
|tR1 |
2 − |tR2 |
2)2/4|tL1 t
R
1
∗
+ tL2 t
R
2
∗
|2 while θ and φ in gen-
eral depend on ǫ. For small δ, the ǫ-dependence of θ
and φ can be estimated from the knowledge in the limit
δ → 0, where the pseudospin flip amplitudes τ↑↓ = τ↓↑
approach zero and thus φ and θ approach respectively to
zero and π(〈n↑〉 − 〈n↓〉)/2. Then in generic situations,
where τ↑↓ = τ↓↑ do not vanish in the narrow range of
ǫ near the two CIRs, the second term in Eq. (11) does
not change its sign near the CIRs whereas the first term
changes its sign due to the sign reversal of sin 2θ. This
implies that while the interference between the two terms
is destructive near one CIR peak, suppressing the peak
height, it is constructive near the other CIR peak, en-
hancing the peak height. This explains the δ-induced dif-
ference of the two CIR peak heights reported in Ref. [12].
Next we remark briefly on the conductance at the dip,
Gdip, between the two CIR peaks. For δ = 0, the PS
always results in Gdip = 0 [Eq. (5)]. For nonzero but
small δ, Gdip should be still exactly 0 if the system has
the time-reversal symmetry since the exact cancellation
of the two terms in Eq. (11) is possible. If the time-
reversal symmetry is broken, a further generalization of
Eq. (11) indicates that such an exact cancellation is not
generic and Gdip acquires a finite value. This result is
consistent with Ref. [14, 21].
In summary, we have demonstrated that a spinless
quantum dot system with two degenerate single-particle
levels allows a conserved pseudospin and that in the pres-
ence of the correlation caused by the strong Coulomb in-
teraction, the fluctuations of the pseudospin at the quan-
tum dot give rise to a pair of asymmetric conductance
peaks in a Coulomb valley. The relation between these
correlation-induced resonances and the phenomenon of
the population switching has been established.
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Note added.— After the submission of our paper,
preprints [22, 23] reporting similar results appeared.
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